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ABSTRACT

The problem of finding algebraically special solutiong Lo the
vacuum Einstein-Maxwell equations is investigated using the spin
coefficient formalism of Newman and Penrose. The general case in
which the degenerate null vectors ére not hypersurface orthogonal
is reduced to a problem of solving five coupled differential
equations that are no longer dependent on_the affine parameter
along the degenefate null directiotts.

It is shown that the most general regular, shear-free, non-
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radiating solution to these equations is the Kerr-Newman metric.
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1. Introduction

The spin coefficient formalism of Newman and Penrose [ 1 ]
(hereafter referred to as (NP)) and its application by Newman and
Unti [ 2] have proven to be extrémely valuable in a new approach to
the subject of equations of motion in asymptotically flat spaces
(3-51. It has also recently been shown that asymptotically flat
spaces admit congruences of null geodesics which are asymptotically
shear-free, but twisting (61.

For these (among other more general) reasons, it is felt that
a presentation of the spin coefficient formulation of the shear-free,
twisting solutions to the vacuum Einstein-Maxwell equations might
be particularly appropriate at this time. The results should be
useful in obtaining and studying equations of motion for charged
spinning particles apd may also prove to be helpful in resolving the
still open problem,[3,5] of finding a unique center of mass coordinate
systen.

The class of algebraically special solutions to the empty space
Einstein equations admitting shgar—free and diverging, but non-
twisting geodesic rays are the well known Robinson-Trautman metrics (71.
Both these metrics [8] and their Einstein-Maxwell counterparts [9]
have already been presented ih the (NP) formalism.

The general class of degenerate solutions to the vacuum Einstein
equations (admitting diverging and twisting, shear-free null geodesics),
first outlined by Kerr [10}, has been studied using the (NP) approach

by Talbot [11 ]. These solutions along with the corresponding Einstein-



Maxwell ones have also been investigated by Debney, Kerr and Schild [ 72]
and several explicit solutions have been given [13-15].

In this paper we use the (NP) spin coefficient formalism to
present the solutions to the vacuum Einstein-Maxwell equations which
admit congruences of shear-free, twisting null geodesics. The results
show that the entire class of solutions can be expressed solely in
terms of five functions (and their derivatives) that are independent
of the affine parameter along the geodesics. These functions satisfy
five coupled differential equations, the solution of which would then
completely determine the metric.

In Section 2 we formulate the problem in the (NP) formalism.

This is followed in Section 3 by further simplifications made possible
by the use of coordinate-tetrad freedom. Section 4 contains a
complete summary of all of the results and in Section 5 we show that
the most general regular, sheaf-free, non-radiating solution to the
remaining equations is the Ke?r-Newman metric [16].

It is assumed that the reader is familiar with the operator
edth ( ¥ ) and the concept of spin s spherical harmonics [17,18],
both of which will be used in this work. We will use the notation
that % applies to an arbitrary two-surface with the metric (in

conformally flat form)

2 2 ry _ 2 ~ 3
ds‘2= P—/z (dx?) *(Jx;)]-‘: C.{%%_é, €= (x%-4x7),

and that %% applies to the unit sphere.



2. The Spin Coefficient Formulation of the Problem

Following Newman and Penrose [I1] a null tetrad
— o .
Zmﬂ_ = (/(/“-’”/4-7 M, P )»  is introduced in a four
dimensional Riemannian manifold with signature (+,-,-,-). The
tetrad is composed of two real null vectors .Z% and A,

and two complex null vectors m, and g, satisfying the

pseudo-orthogonality conditions

Aon™ = -m.m™ =/ (2.1)

all other scalar products vanishing. Equation (2.1) implies the

completeness relation

v M Y m (m v)  __w)
9%%= zm 2= 2[4 s ] (2.2)
where '7”'" is the null Minkowski metric

01 0 O
L0 0 0

77" = = Mo (2.3)

00 O -1 -3
00-1 O

used to raise and lower tetrad indices.

+Tetrad indices, ranging over the values 1,2,3,4, will be denoted
by lower case Latin letters beginning with m. Tensor indices,

ranging over 0,1,2,3 will be denoted by Greek letters.



From the tetrad we can define the Ricei rotation coefficients

ymﬂP: Z':'u;yzﬂ/‘z"’u (2.4)

and the spin coefficients,

H= V131 = Aujom®A*, v= - Vosz=" nuum™nY,
= Viza cha;om™mY, w=-)Yo437Nusv M m?,

o= V/33= /Z«;u m*“m?, A= —Y244 = ‘”M;UF”-M’—”_Vf (2.5)
= Viz2 = dujym“n®, T =- Y2417 ~Hu;u 4L,
o= 5(Vza- Yza4) = 5 (faso ™" miasy m=m¥)
g= 5(V23-Y343)= 5 (Muz n“sm- s 1 “m* ),
Y= 5 (Vi22- V342)= % (Jasvr“n® —mupin“n® ),
€= é()’IZI“ }/34/): é'(/a;u/?"//u‘- MA;V/}?“'//V}.

Tetrad components of a tensor are defined by

/4mn... = AMV‘.'Zm,a. ZHV"" (2'6)



and application to the Weyl tensor yields
- pa
%“ 'C/u.upa'// m//’oma_,

{p/ = ~Cuver /Aﬁu//(o/”rf

_ °.
()bz_ = ~Cuvpr m’“/’l“//amr, (2.7)
— "am
Vs = “Cuvprm“n’dn”,
Yy = -Cupper m™“n’ml n”

Similarly, for the Maxwell tensor we have
#0 = F,.uu /'«m‘/,
b= LE (Lt T mY), (2.8)

752 = 541/ mnv

-

It is always possible to introduce a null tetrad and associated

null coordinate system X0= u , X/= r, )(2 s xs,

A
in such a way that Ve 1s tangent to a congruence of null geodesics

with r a standard affine parameter along each of the geodesics labeled

by the remaining xa.i' Making this choice we find that

]~ = %%:- , (2.9)
/ﬂ;p//u: 0, (2.]_0)

Lower case Latin letters from the beginning of the alphabet will

range over the values 0,2,3.and capital Latin letters over 2,3.



and the tetrad has the form

YVar e

]

(2.11)

n*= YST+ X*Sn
m*A = 605//«7" 5&5/: 7

where U,Xa, oo and §a are arbitrary functions of the coordinates.

With the help of the completeness relation (2.2) we can write

Ausv = (Y + V) dudy +(€+ &) dury — (arF)Aary - (Z+0) Aui 7

— —_ — - _ (2.12)
—TMudy - K My + T e + 2 ma R
~CPudy = Ko T Wiy + P e My

from which we see that (2.10) can be expressed in terms of spin

coefficients as €4+ = K =0 and that the optical scalars which

characterize the geometrical properties of the congruence are related

to P and ¢ in the following way.

divergence: /(A;,«. = - [F*'/S) '
L
curl (or twist): /{_[\2/([“;”]//44;1']2 = [o._(o"' (2.13)
4
swear:  F[2Mpui 0 (147 = o

We now make our only assumption, namely that the congruence of

. . A K} .
null geodesics with tangent vector / is shear-free, i.e.,

c= 0. | (2.14)



By a corollary of the Goldberg-Sachs theorem [79] the solution will
thus be algebraically special and characterized by the fact that
/'«' will be tangent to a degenerate principal null direction of
the Weyl tensor coincident with one of the principal null direc-
tions of the Maxwell tensor, or equivalently %= % = 950: 0.
Finally, we choose m and n " to be parallely propagated

along /'“', i.e.,
m/&;l///yz /C/A‘Tﬂ,«—{é—g)/-ﬂ-,uz o,
Nujp XY = (é+ E) A~ T Mo — 7T M= O,

so that €=7= 0.
The form of the tetrad and all of the above conditions will be
preserved under the following freedom still remaining in the choice

of the tetrad; the spatial rotation

A% = n”, m* = e m- (2.15)

depending on the real parameter P - Co(xa) and the null rotation

X

L= A, T e B4, (2.16)

* — _ —
n47 = g% BCm s Bl 4+ 8°8° 47,

+The superscript 0 indicates independence of r.



depending on the complex parameter BO = Bo(xa) . The coordinate

transformations
0 /
= r+ RO(x%) , x%*= x*, (2.17)
Vd 4/ 4,
and r'= ~r , x4 = x% (x%), (2.18)

are also still available along with the combined coordinate-tetrad

transformation

¥ = x x
A9 A0 a2 A e

2.1

/"Aof' 7X4/= x4 Ao"" AO(Xa)- e

The (NP) formulation of the vacuum Einstein-Maxwell equations
consists of four sets of first order differential equations for the
four sets of variables; the spin coefficients (2.5), the Weyl tensor
components (2.7), the Maxwell tensor components (2.8) and the tetrad
components (or metric variables)(2.11).

By defining the intrinsic (or directional) derivatives acting

on a scalar (P by

o ¥
Do = @;ud“= 57 »
'/
A= @ n*= (JSr+ X2 , (2.20)
3 9%
S = (0',,0./14'“_ w—%%- g* JUL



we could now write down the (NP) equations. In order to save space,
however, we simply point out that the appropriate equations can be
found in (NP)[1]+ and are considerably simplified by the assumption
(2.14) that the space admits shear-free null geodesics, characterized

with our choice of tetrad by
kK=¢€=qg=17=0= ?So:' 500= W/. (2.21)

In the next section we write down only those equations necessary
to show how the remaining coordinate-tetrad freedom can be used to

make even further simplifications.

TIn (NP) the spin coefficient equations are given: by (k.2a)-(4.2r)
with # mn =k Pr bn (k is twice the Newtonian
gravitational constant G), the equations for the components of the
Weyl tensor by (A3) and for the Maxwell tensor by (AL). The metric
equations are obtained by applying the commutators (4.4t) in (NP)

to each of the coordinates, u, r, xA, respectively.
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3. Coordinate-tetrad Freedom

All of the (NP) equations can be divided into two groups, the
radial equations (in which the operator D appears explicitly) and
the non-radial equations (in which D does not appear). The radial
equations can be integrated directly with respect to r, thereby
introducing, in each case, functions of integration depending on
the remaining variables x®. Substitution of the results of these
integrations into the non-radial equations then ylelds relations
among the functions of integration and the five differential equa-
tions mentioned in the introduction.

Because this procedure, although lengthy'and quite tedious,
is entirely straight forward, the complete details (which may, in
any case, be found elsewhere [20]) will not be given here. 1In
fact, the solution of the following few equations alone (in addi-
tion to demonstrating the use of coordinate-tetrad freedom) should
provide a sufficiently clear understanding of what is involved in
the process. A complete summary of all of the results will be
given in the next section.

The equations whose explicit solutions we need to know now

in order to make further simplifications are the following:

Dp = pz . (3.1a)
Dz = e , (3.1b)
DE*= %5, (3.1c)

DX%= zE%+ 7 E*, (3.14)
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Do = L P (3.1e)
DB=8p , (3.1f)
Dw=pw—(X+a), (3.1g)
D43,= 2#(" ) (3.1h)
D¥r=3Y p+2kbé e, (3.11)
DV = zx +Z8+ Y2 +ké, & | (3.13)
Du=up + ¥z, (3-1k)
DU = v +Tw—(Y+7), (3.14)

St= AP+ z(T+B8-%), (3.22)

sX= AE*= (z-T-B) X*+ X E“+ (- r+7) %, (3.2b)

Equations (3.la) and (3.1b) have the solutions
e = _(,-+ F?O)—/and = zo,o . The coordinate transforma-
tion (2.17) can be used to make the real part of R° vanish so that

we may write

p=—(r+is)” (3.3)

* o) (2]
with X a real function independent of r. Since ?0 = T+8
under (2.16) this transformation can be used to put 'Zo:' 0.

Hence,
T= 0, (3.4)

and examination of the non-radial equation (3.2a) immediately tells
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us that
A= 0, also. (3.5)

Incorporating these simplifications into the remaining radial

equations (3.1) yields the following results:

(3.1c) — £%= &%, | (3.6a)
(3.1d) - X% = X“O ) (3.6b)
(3/e) = o= £%0, (3.6¢)
(5.1£) - p= 8%, (3.60)
(35.lg) - w= w%+ (%% p°), (3.6¢)
(510> #,= #2p%, (3.60)
(3.14) = Wg=¢20p5+2/<¢,0 -,0/3/03, (3.68)
(31j) — V= )’0+.‘2L$gfoz+k49,o</zloﬁpz, (3.6n)
(316) == =%+ 4 V3 (P5r) + k5 FP 502, (3.61)

() == U=UL (V) - 5(450+U5)-k #0005, (3.69)

The results given by (3.6) may now be substituted into the
non-radial equation (3.2b). Equating the coefficient of the rt

term equal to zero yields

- 0 bO -
{0(0+30)Xae_§b0xa’ =X §a,ob ~2¥7%g29_, , (3.7)
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which is the only new information contained in (3.2b) not contained
in any other non-radial equation.

Under the transformation (2.18) XiaéO and 540 transform as
4
a0 /__ ax4 a0
X = ax“ X7

/ 2x% 0
sao = o x4 Sa ’

so that the W= u(x%) transformation can be used to

put Xéo into the form

X*°= (1, X%, X*°)

’ 4 o)
and the xA = xA (x%) transformation to put X¥°
into the form

0 .
£ = (/-'7 P:AP)9
AD . . a
where X', L and P are arbitrary functions of the x .
After introducing the complex variable & defined by
s: )(2-—/{)(3 (3-8)
a0 . .
we see that the form of £ will still be preserved under
further transformations of the type
/7 ’ 3 )
§' = S(atélg) . (3.9)
. =/ . o
provided that &  satisfies
= 2 €7
L & +2P5¢ (3.10)

where a dot above a quantity denotes %L
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The complex quantity XEX20 - A XSQ will transform under
(3.9) as
=/
. = = 9
7 =7 28 =
x’= &' +X5% +X9§ (3.11)

and we will now show that (3.9) can be used to put X' = O while
. . . . a0 )
still maintaining the form of & . It is clear from (3.10)

and (3.11) that this is equivalent to requiring the system of

linear equations
A/(E/)':O ]

Az (E)=0 . o

to have a non-trivial solution, where
_ 5y 2_ LYV o
A = SutX3E X3,
2 2
Az = Lsu +2F3E .

Since the possession of a common integral by the equations
(3.12) causes them to vanish identically, the linear equation formed

by
As(E")= A(A2(E) - Az(A(E) =0 (3.13)

must also be satisfied by this integral, where
. IL |, F L 2
As= (L+X3E+X5%)5u
. T 2P (- 2PIX T2
+[2(P+X35 +X 3 )-LX 2pP3% |5
e 3X) 2
—[L.X+2P;'g‘)5§-



15

By including (3.13) with the equations (3.12) we have constructed
a complete system of three homogeneous linear partial differential
equations for one function ( E’) of three independent variables
(€€ ). It is obvious that if all three equations are linearly
independent the only possible solution is the trivial one, §’=
constant. On the other hand, if the three equations are linearly
dependent the original system (3.12) is then guaranteed one non-
trivial solution. (For complete details on this, see, for example,
Forsyth [21].)

The linear dependence of the equations is easily demonstrated
by virtue of equation (3.7), whose three components may now be

written as

- . QA ’-)L
&’0+50—2)‘0L = LS+ X3¢ +X JE 9 (3.1ka)

<

(3.1h4b)

9

(Zo+80) X~ 4 7P = 2(P+X2E +X2E) - LX-2P3

(20+69)% = -1 X - 2P 2% . (3.140)

U

° -7
Maltiplying (3.14a), (3.1hb) and (3.1he) by g sj__g. and

‘9§
a—g , respectively, and adding yields

Az (E7)= (3% p%)A(E") -2 V2 Ax (E7) (3.15)

so that the original system (3.12) does indeed have a non-trivial

solution. Thus (3.9) can be used to put X' = O without disturbing

.gaLO

the form of and additional transformations of this type



16

must now be restricted to

&= £°78) (3.16)

/7
where & is an analytic function of &

- -0
Under the tetrad transformation (2.15), P¥= Pe* ¢

7

so that a suitable choice of C° can be used to put P = P. Under

287
(3.16), however P’=pP 3¢ so that whenever (3.16) is used it

must always be combined with another spatial rotation (2.15) in order
to keep P real. The complete transformation is

wW=w L, r= r, &£ = é'(é‘),

AN L S (317

’
i
. r. /7 )z
* « A — LE ag]E A
“T=e""m*=z| Se/ 3¢ m~"

Because it will prove to be useful later on we introduce a new

function V at this time defined in terms of P by

P=RV, RB=2%(/1+¢E). (3.18)
V and some other important variables transform under (3.17) as
/ 7 < A
V= KV , £=Z , L= e "L,
/ /
0'_ 0 o’ o0
4’/ - #3/ 9 SUZ - Z 3 (3.19)

s
R 38 | aE’] 2
where K = Po’ JE &E .
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The only other freedom left is the combined coordinate-tetrad
'
transformation (2.19), under which X°° transforms as X°° = a°%x°°.
Therefore, in order to keep x°° = 1 it is necessary to combine (2.19)

with an appropriate coordinate transformation in &« . The complete

transformation that accomplishes this is given by

b(.fz G(“’é’é) 9 /‘,:' /"G‘/ 9 §,= Q,

(3.20)
Wt GA™ s ™ =, n e G A,
under which
v=vé™ , 2'==267",
L’'=1 +&" %G
? (3.21)
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4. Summary of the Final Results

In this section we summarize the shear-free, twisting solutions

to the vacuum Einstein-Maxwell equations.

A. Tetrad Components of the Weyl Tensor:
Vo= ¥ =0,
bp= Y2p 2k 40573
Y5 = W;PZ4'¢§P5+-W§P44-k;fﬁ(D¢z),
Yy = ‘/J4ﬂ+ 9”4,0 +z‘/’4ﬁ+3 ‘1"4-,0 L Liule
kPG WL P Bl o w2p® ],
with
Vi= BV +CVE+3L V5 -30 slfz ,
W= 3w gS
Wiz BYo+ LYo+ Al Y2-31+ Yoy,
Wiz Jyz+L SU’+5L Yy — 4L 14{;+4,:W¢f§,
9/4 FYE+ 4{3+6L ‘7”3—5L OSU;+6A'WSU3’
"}/4 = LW WS

(4.1a)

(4.1b)

(4.14d)

(4.2a)

(4.2b)

(4.2¢)

(4.24)

(4.2e)

(4.2f)
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— — 2,0 Y O
Ve= Bbo+ L Po+3L b5 -20% 42
- - - - Vv 1o
A ba+aL bp-3] %“ibzl'*'ZlW#’z,
— _ - - 2 ~
Yl= B IZALbZ+5L Po-AL G P2+ 4 Wy |

2= 6w 2,

e _ ¥
W= @3S +LSsS+LE-LTVZ.

B. Tetrad Components of the Maxwell Tensor:
qu):: O,
o _2
4:1:: qbl P ’
(0] / 2 2 4
$r= PrpPp+Popr +Pop”,
with

c.

i —_ — N il [0} —-\./ 8]
do= B+ LPl+2lH-2L ¢/,

$2= 2i W0

Spin Coefficients:
K:G:Tr::a':'r:Azo’
.Z_I
=""(r'+/L ) °

o= olp ,

(4.2g)

(4.2n)

(h.21)

(L:23)

(4.2k)

(4.32)

(L.3b)

(k.3¢)

(4.4a)

(L.hb)

(L.5a)
(4.5b)

(k.5¢)



b.

E.
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ﬁ‘_‘ﬁp ’
0 O o o 0= .2
V=rv+5¥2p%+ kb, PIPP,
0 , 0/ 2 - qLOQEO-— 2
,«:/t,o+§¢2/6’ +P€’)+/< 1 PrPP ,

o] I 2 1,42 3 - —
V= VO YsprbWeptsVsr + k#PP($2).

Metric Variables:
w = cuo,3'+ L’—-L% ’
U= U0+7,{/—/’~/?e/9”201°)‘k4’/0$/0:"; ’
X%= (1,0,0),

£ =5 (L,P,iP).

Components of the Metric Tensor:

00 - -
g :‘—ZLL‘PP )

9% = |- 2Re(Lwp),

9% = 2Pps(-Rel »Zm L),
gll= 2(U-w®),
g'"= 2p[-Re(wp) s Im(wp)],

2
ghB= -2P%p §"°,

(h.

(b.

(L.

(h.

(b.

(b

(L.

53)

5e)

5f)

5g)

6a)

6b)

.6c)

6d)

.7a)

.7b)

.7¢e)

.7d)

.7e)

JTE)



F.

G.

with

The Line Element:

d 2 2(fudx Ndr +Re Lo (r-i ) 5 J-Uh,dx*)f - £ E7/ +z 2)

L ¢
(hudx®) = du+ Re( =5) .

Relations Among the Functions of Integration:

‘,

.=z'/%f‘/£nP—z_ +2L ),

BP=-4(F b P+ L),

|
<<

Y= yo=-%4+,
w°=—1(6‘2+Li+2£2—2L¥—'2),
2,5 = ¥L+LC-SL-L L
2= VE[ BoN+ SN ],
U= -3 («°+,4°),
vo= VA7,
V5= V3 FoR+L AT,
wi= veR,
N= Lo iluRV~+ f%;— ,
Rz FoN+ 5 m + NZ-2NFolu A,

P P____
V= p Z£(/+88)-

21

JdedE
PZ’

(4.9a)

(v
(b.

(b.

(L.

.9b)

.9¢)

9d)

9f)

%)

.9h)
.91)
.93)

.10a)
.1@b)

-10c)



H.
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Differential Equations:
w60y L $0+2s $0-2L% $0= 0,
TIPS I i S RCRPS A
$U LY+ 3L ¢2°—3L—3—¢£=2/<¢,0<;E'2°,
sl + L9042 Y2-3LL Y= -3 k4D 8

Wy - Y3 =24 Re($W+ LW 1 W-2 L W)-25 U°] .

(4.11a)

(4.11b)

(4.11c)

(4.114)

(4.11e)
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5. The Kerr-Newman Metric

In this section we use the results of this paper to show that
the most general regular, non—radiating, shear-free solution to the
vacuum Einstein—Maxwell equations is the Kerr-Newman metric [16].

By regular solution we simply mean one for which the metric
has no angular singularities, or equivalently, that the functions
V and ¢’ are both expandable in spherical harmonics such that

0K VL @ and ¥ has no zeros, where (@ 1is a potential for

L [6] defined by

L-—”:g‘p ,
on‘P:O,
where

o= Fot+ /'é—)gl .

Using the operator olJ , the differential equations (L4.11)

can be rewritten as

Do [ ) ?I=o,
ﬁo[(-v%)ﬂ - X 2"}°)° ,

Do (2 X%] = 2k(25)( %
bo[RXZJ-—-%ZH- Yo e k(% )( )],
Ini %’Z)—fﬁo!j%*ﬁo(%?)]—ziéﬁm}:o,

(

(

(

(

(

(

(

—~~

5.

5.

p)

5

5

p)

5.

5

.3)

.La)

4b)

be)

L)

he)



2k

where

Nz Dol BRY), (5.5a)

R= —= (5.5b)
%—'—' VIM[ﬁo(—'\_L/—)] ’ (5-5¢)

and a new quantity

X= & (5.6)

$P Pz )
has bsen introduced. The functions ;Z' y /-ifz) s ( ~z/s
(_“_/Ezs.)’ R, N and —.%,— all transform as scalars under (3.20) so
that the equations (5.4) are all in a form that is now manifestly

invariant under that transformation. Also, from (5.2), we see

that we are free to replace @ at any time by

w=Fle), (5.7)

where F is an arbitrary regular function of 2
We now assume that there is no outgoing electromagnetic

radiation, i.e.,

+2=0, (5.8)

and that there is no Bondi news (hence, no outgoing gravitational

radiation) i.e.,

R=0. (5.9)



It can be shown (not easily) that if the solution of this paper

is re-expressed in a Bondi-type frame then (5.9) would

=t
g = 0.

read

Under the above assumptions we see immediately that (5.kc)

('#

0 N
has the general solution Vzg) = M() )(—3

(5.7) can be used to put M = 1, so that
(‘on)._. X—Z
V3 .
(5.4d4) then reveals that

X=0

and the only freedom remaining in the choice of

lad

Y= a@,

where a is an arbitrary complex constant.

©

in which

is

From (5.11) and the definition of R (5.5b), we see that

(5.9) becomes

s x =0,

which under the condition of regularity has the general solution

X=Xo+ X,.

25

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

+For more details concerning the relationship between asymptotically

shear-free, but twisting, congruences and twist-free, shearing ones

in asymptotically flat spaces the reader is referred to [g].
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The subscripts refer to the 1 values of the subscripted quanti-

ties so that in this case, for example,

Xo

/
X/ m2=-/ bmoYlm (§¢), (5.15b)

il

%V o0 (£,8), (5.15a)

where p° and b are complex constants satisfying
Z o > 2 J m)2
X +XXodo )(" F X P X = ) —mz=_, (™*=c # 0,

so that (5.12) can be used to put ¢ = 1, resulting in

XEHX 20X~ FoX T X = I (5.16)

By choosing G(u.,t;,'g) = Re @

the transformation

(3.20) can be used to put
P= u+iflu,s,8) , p=73, (5.17)

so that Z now has the form

Z = V' - (5.]_8)
/+A(3 °

After defining the quantity

S= o, (LV)+L L (5.19)
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and noting that
R= v [ (%) +3 V], (-20)
equation (5.4e) can be written in the much simpler form

Im[ X3~ g‘f(T/_S——)]=O. (5:21)

In order to maintain regularity, transformation (3.17) must

be restricted to the fractional linear transformation

= 2526 |2 8/=1, (5.22)
under which
[x¥3 92 (2)]= k3 [ x5 52(S)] (5.23)
This means that the operator 7o, 1) of reference [4]

(which commutes with (5.22)) can be applied to (5.21) with the

following result. (The proof of this may be found in the appendix.)

o= Tw,) ]m[)(‘f_ gtoz{%-)]: Im X . (5.2L)

Thus is real, which means that
> J

.

B= 0, (5.25)

and (5.22) can be used to put

X=V= /. (5.26)
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Furthermore, [ = -} 2o /B s S= ¢ g\ozﬁ and

(5.21) becomes simply

$22¥ip=0, (5.27)

so that L and ¥ are purely { = 1 quantities.

Finally (5.4a) and (5.4b) yield
430 - e = constant (5-28)

and the solution is indeed the Kerr-Newman metric.
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Appendix

Let zi}’{g,E) be a spin zero function on the sphere, expandable

1,

7 = o+ 7 +0(4=2), (a1)

in spherical harmonics

such that under (5.22)
-5 o~
” = K ™7, (42)

Then from [4] or [22] we find that
77?0,/)475 0 V00 ,8) onoo (¢. &%) ';7(§’, g7 )d

42,0 Tm R o im € EVF (6,8 a0?, D)

Y
where d L is the area element of the unit sphere.

Substitution of (Al) into (A3) then yields

Tro,0% = %-%57 ., (a%)

where the orthogonality properties of the spherical harmonics have

been used.

Now let

e 22 (S). (85)

TThe subscripts again refer to the /Q—values of the quantities and

0( £= 2) means that the expression is expandable in harmonics with

42 5.
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Since
(_‘;)/: K—/e—&'/l (VE_) (A6)

under (5.22), (%%) has spin weight minus two so that

g‘oz(:?,:)z 0(L=2), (A7)
and
Tro,) 35 (5)= o. (48)
By applying Fo Fo to X=X+ X, , we
obtain
‘5‘05‘0 X = ’2)("‘27(0 (A9)

and this together with (5.16) yields
FoX Fo X = “XZ"'Z XoX— 1. (410)

3

Dividing (5.16) by ¥ and using (A9) and (ALO) then yields

the identity
X722 Yo+ YodoFodn X+ 5 20 [x72Fv]  (a11)
= Ko + o(l=1)

from which we immediately conclude that

5y = o i)
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Similarly, by forming

20 [XF 3o (x25,X)]
and again using (A9) and (AlO) we obtain

Y72 =

—3

4 —3Y ~F I X2 F (X 2T )]
= 1/0-3][, ‘/‘0//:2)7

(A13)
so that

(x3), = -37, . (a1)

Substitution of (Al3) and (Alk) into (AL) then yields

Tron Lx=3-a2(2)]= 2. (815)



